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Contemp. Math., 2007.
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Masuda, Preciado, and Ogura, "Analysis of the susceptible-infected-susceptible epidemic
dynamics in networks via the non-backtracking matrix,” IMA J. Appl. Math., 2020

Ogura, “Second-order moment closures for networked susceptible-infected-susceptible model/
52nd Isc. Int. Symp. Stoch. Syst. Theory Its Appl., 2020.



Spreading

Let's spread Happiness and Good vibes..
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High species
diversity

Happiness spreads :) Be a
contributor, and tag a friend
who needs to see this.
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Example

Information spread: 2011 Tohoku earthquake

norbertomoreau, “Global pulse through Retweets”, http://en.inmoreau.com/720/global-pulse-
through-retweets-2-video-grafics/



Example

Disease spread: Ebola outbreak

, World Health
Organization 1 January 2014

World Health Organization, http://www.who.int/csr/disease/ebola/maps/en/



Example

Disease spread: Ebola outbreak

New Confirmed and
Probable Cases

600

Cumulative Confirmed
and Probable Cases

1 100

 World Health
Organization 1 January 2014

World Health Organization, http://www.who.int/csr/disease/ebola/maps/en/



Susceptible-infected-susceptible (SIS) model

Networked model
Nodes = agents, edges = relationships

Not
infected ¢ ; ®

) )

Transmission rate 3 ‘

Infected

—

Pastor-Satorras, Castellano, Van Mieghem, and Vespignani, “Epidemic processes in complex networks,” Rev. Mod.
Phys., vol. 87, no. 3, pp. 925-979, 2015.



Difficulty in analysis

ZN—states Markov process

m N = # nodes ( = hundreds, typically)
m 2 states per node
m Computationally infeasible



First-order analysis

m Define

x; () { 1, if node i is infected at time t
0, otherwise

p;(t) = Prob(node i is infected at time t)

a4 = {1, if nodes i and j are adjacent
! 0, otherwise

m Differential inequality forp
dp; CCB: NIV OESTU TEICHRT

7;= B ZE[(I—x)x] — 8 E[x;] RE: BERREF/N\ YIRS Yo LE
j_

—0 p; +,B i=14jiPj

— Used in most of the papers on the control of SIS models!

m (Decay rate of E[[[p(DII]) = 6 — B p(4)

— Not necessarily accurate!

Ganesh, Massoulie, and Towsley, “The effect of network topology on the spread of epidemics,” in 24th Annual Joint Conference of
the IEEE Computer and Communications Societies, 2005.
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Second-order analysis

m Second-order moments
m New variable

q;j(t) = Prob(nodes i and j are infected at time ¢t)
m A straightforward calculation yields...

dp; al
= (EE[U — x)x18 ) — 8 E[x;]

N
= (Zﬁ ‘Zﬁ) — o P
j=1

dqij N
== ;E[xi(l —x)x B )+ 8 Elxx;]

N
+ (ZE[(I _xi)(l —xj)xk]ﬁ )— Fo) E[xi(l _'xj)]
k=1

Want to express in terms of p or q!



Trivial but important choice

Which is better?
mE[(1 —x)(1 —xj)xk] < E[(1 — xj)xk]

[Ogura, Preciado, Systems and Control Letters, 2018]
Lower bound in terms of N? x N2 matrix

= E[(1—x)( _xj)xk] < E[(1 —xp)x;]

[Masuda, Preciado, Ogura, IMA Journal of Applied Mathematics, 2020]

Lower bound in terms of (N + M) X (N + M) matrix
M = number of edges

N + M « N? in many practical cases

There appears the non-backtracking matrix

Yields better lower bound (not proven yet though)



BNV ISV O1TE

INY ISV I TIETIBRWINRAZEDBEIDIEZRERTITS

O > DEHR z

3@ 04 3 4

(a) 11757 (a) H11757 D

=2 1—3 2—1 2—3 3—1 3—2 3—4 43

0 0 0 1 0 0 0 0 1—2
BR1%Z
€y em EBIE 0 0 0 0 0 1 1 0 1—3
0 1 0 0 0 0 0 0 2—1
0 0 0 0 1 0 1 0 2—3

v B=
] 0 0 0 0 0 0 0 | 3—1

EEANSI T o o0 1 0 0 0 0 0 |3-2

(b) T b 7174



Numerical simulations

Comparison of the decay rate and its lower-bound

(a) regular random graph (b) BA
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Numerical simulations

Comparison of the decay rate and its lower-bound
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Sharkey, “Localization of eigenvector centrality in networks with a cut vertex,” Phys. Rev. E, 2019.
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Martin, Zhang, and Newman, “Localization and centrality in networks,” Phys. Rev. E, 2014.
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INE, "BHERY N —OBICHITDIENV ISV EFIEHRBEFERES vol. 105, no. 1, pp. 27-32, 2022

Arrigo, Higham, and Voferini, “Beyond non-backtracking: non-cycling network centrality measures,” Proc. R. Soc. A
Math. Phys. Eng. Sci., 2020.



